Selection Rules for Rotor Transitions in Completely Asymmetric Molecules with Planar Top and Frame and a Twofold Barrier
T h o r v a l d P e d e r s e n a n d N i e l s W e s s e l L a r s e n Chemical Laboratory V, University of Copenhagen Copenhagen, Denmark a n d H e l m u t D r e i z l e r Physikalisches Institut der Universität Freiburg i.Br. * (Z. Naturforsch. 24 a, 649-652 [1969] ; received 25 January 1969) In this contribution selection rules for rotation torsion transitions are considered for completely asymmetric molecules. Quade gave two descriptions of this type of molecules resulting in two different invariance groups of both Hamiltonians lead to indentical selection rules.
In his paper1 Q u a d e divides the molecules which are planar in their equilibrium position and have planar top and frame into three classes:
Class I : Molecules where top and frame possess two planes of symmetry. The planes intersect in a common CVaxis, which is the internal rotation axis. It follows that top and frame are both of C^-symmetry.
Class I I : The top has two planes of symmetry. The frame has only one. The CVaxis of the top is the internal rotation axis.
Class I I I : The frame has two planes of symmetry. The top has one. The CVaxis of the frame is now the internal rotation axis.
It is seen that the classification into the last two classes can be chosen at will, the choice being dictated by computational convenience only. Thus the Class I I description should be chosen when the part of the molecule with the CVaxis has the smaller inertial constants, and vice versa.
The selection rules for the rotortransitions of Class I-molecules have been derived by D r e i z l e r and M ö l l e r 2 and for Class I I I by P e d e r s e n , L a r s e n and N y g a a r d 3. Because a Class I I I molecule can in principle be described as a Class I I case and vice versa, the allowed transitions within the term scheme of a given molecule predicted from the two descriptions should be the same. In the present paper we show that this is the case by developing a * Neue Anschrift : Institut für Physikalische Chemie der Universität Kiel 1 C. R. Q u a d e , J. Chem. Phys. 47, 1073 Phys. 47, [1967 . connection between the class I I and the class I I I description. We proceed along the following lines:
i. The relation between the coordinates used in the two descriptions is derived.
ii. The dipole operators are shown to be identical when expressed in the same coordinates.
iii. The irreducible representations of the in variance groups 6r(II) and 6r (III) are correlated by showing that a basis for the subspace of functions carrying ^ of ö (II) is related to a basis for a subspace of 1 Fj of 6r(III) by a unitary transforma tion, so that the subspaces are identical.
The coordinate systems for Class I I and Class I I I are placed according to the conventions of Q u a d e and L i n 4. The origin is at the center of mass of the line of nodes molecule. The z-axis is always parallel to the internal rotation axis (CVaxis). As is seen in Fig. 1 the y-axes coincide in the plane of the molecule when a = 0. For a = t= 0 the «/-axes always remain parallel to the respective frames as described in the Fig. 1 . The systems are right-handed. The angles $ and cp are the usual polar angles of the 2-axis with respect to the space-fixed coordinate system. The third Eulerian angle / is measured from the line of nodes to the ,r-axis. It follows that the coordinates used in the two classes differ only with respect to the third Eulerian angle:
A sufficient condition for a transition to be allowed is that the space-fixed Z-component of the transition moment integral is different from zero:
where v' and v" characterize the eigenfunctions of the Hamiltonian.
For Class I I the dipole operator can be written:
where piy and juz are the components of the dipole moment along the y and z axes in the equilibrium configuration.
For Class I I I we get analogously3
where p iy and /uz are the same as above.
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Inserting (1) in (3) and using (6) and (7) we get:
By insertion of (8) and (9) in (2) we get (5). So (2) and (5) are equivalent. It can be shown that the invariance group for the Hamiltonian for Class I I is:
and for Class I I I the group is 3:
a ^ a ; W e associate the elements C2 and C2zC2 w ith the C2-operation of the usual point group, since they are rotations w ith respect to a. W e therefore conform w ith the common use of A and B representations. However we do not conform w ith 2 in this respect.
The irreducible representations have been chosen in Table 1 . We now consider the following bases for the two classes:
where S{ }J] K\ yM and are the Wang functions5 in the respective coordinates. cpna are the Mathieufunctions1,6: cp nA 1 = ^ De( 2 |r) (-1 )k cos2ka n = 2 r , k (pnBi = ^ Doi2 /^^ (-1 )k cos (2 k + 1) a n = 2 r , k (pnA2 = l)A 'sin2£y. w = 2 r+ l, k cp nB 2 = 2 Dei r+i1)( -l ) A:+ 1sin(2A:+l)a w = 2 r+ l.
(12) Tables 2 and 3 contain the classifications of the functions and the dipole operators under the irre ducible representations of the groups G(II) and G (III). One observes that and with the same n, a belong to species with the same label in G(II) and G (III).
We now proceed to prove the statements of point iii: The Wang functions are for Class I I :
where ) and analogously for Class III.
By insertion of (1) we get:
For yjjxjlp the following transformation properties hold:
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In consequence the following transformations hold for Yjxm under the operations of G (III):
Og,I)CsVJfiS = C g n v}g8'>Ct * * ' = v>JS' ,
By applying the operations of G (III) on the Wang functions S( }VK\ yM it is therefore found that these functions, which are either of Ai or A2 species in G(II) will be of the species with the same label in G (III). It should be noted that these are not equal to the Wang functions of Class III. Therefore, the set of product functions of a given species in G (II) makes up a unitary basis for all functions of that species in G(II) as well as in G(III). So the functionspaces labelled by the same letter are identical.
Obviously the product-functions of Table 3 make up another unitary basis for the same space. This basis should therefore be related to the former by a unitary transformation. The matrix connecting the two bases can be determined in the following way: the basis < |> X(II) (A row-matrix containing all the functions 'Fjk m ) can be written as:
where Rz (a) is the rotation operator: R z (a) = exp (i a P z) = l + i a P 2 -a2/2 P; ...
The matrix of R z(a) is a diagonal matrix since V j k m is an eigenfunction of P " (n = 0, 1, 2, ...) with the eigenvalues K n. The matrix elements of R z are therefore simply: exp(iÄ"a) as was also found above (15). The Wang bases are therefore also related since:
where the matrixelements of W follow from (13). Thus from (18), (19), (20) we get
Now (10) and (11) can be written in matrix notation as the direct products of the Wang bases with the Mathieu bases:
( I I I ) = S(III)<g><p ( I I I ) .
We therefore need a relation between the Mathieu bases, which are different because the torsional equation is different for the two classes. But since both bases are related to the Fourier basis by matrices D (II) and D (III) [cf. (12) ] the two bases are related by:
From (22), (23), and (24) we get:
But the direct product in Eq. (25) can be written as:
so that the relation of the two bases is now estab lished : It remains to show that the selection rules are identical but that follows from the Tables 2 and 3 since /jlz has the same species in the two groups (A2).
We therefore get:
for both classes as illustrated in Fig. 2 . The selection rules on J are the usual ones: A J = 0, ^ 1.
